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APPLICATIONS AND GENERALIZATIONS OF THE CONCEPTION OF 

ADJOINT SYSTEMS* 

BY 

MAXIME BOCHER 

The highly fruitful conception of adjoint pairs of linear systems, each con- 
sisting of a homogeneous linear differential equation of the nth order and of 
n homogeneous linear boundary conditions, was first introduced in an explicit 
and general manner by BiRKHOFF.f That we have here a conception of funda- 
mental importance is hardly yet generally appreciated. It is my purpose in 
the present paper to make an application of this idea to an important question 
in the theory of linear boundary problems which has so far been treated only 
in very special cases. J I will mention in passing that the results may also 
be obtained by the use of integral equations; though, if we wish to include all 
cases, not perhaps so simply or obviously as might at first sight appear. 

In § 1 the conception of adjoint system and a few other fundamental matters 
concerning linear systems are explained and a few preliminary questions dis- 
posed of. In § 2 come the main results of the paper, namely Theorems I 
and II, which apply to the case of complex as well as to that of real inde- 
pendent variable. These theorems are then applied in some detail to the 
equation of the second order, whereby the relation to Mason's results becomes 
apparent. In § 3 an extension to systems of equations of any order is briefly 
indicated; and a somewhat generalized type of differential equation is also 
considered. Finally, in § 4, the conception of adjoint system is extended to 
the case in which the number of boundary conditions is not the same as the 
order of the differential equation. 

§ 1. General Preliminaries. 
In the differential expression 

Liu) = '■"^d^+^n-id^+ ^*o^' 



* Presented to the Society April 26, 1913. Section 4 has been added since, 
t These Transactions, vol. 9 (1908), p. 373. 

t Cf. Mason, these Transactions, vol. 7 (1906), pp. 340-344, where the self-adjoint 
system of the second order is treated. 

Trans. Am. Math. Soc. »7 403 
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we assume that In does not vanish at any point of a certain finite region S 
which may be either a simply connected two-dimensional continuum in the 
complex x-plane, or any connected piece of the x-axis. In the former case 
we also assume that all the coefficients U are analytic functions of x throughout 
S; in the latter, that they are continuous but not necessarily real functions 
of the real variable x, and that U has continuous derivatives of the first i 
orders.* 

This expression L is connected with its adjoint 

Miv)= i- 1 )" ^^„ + (-1)" 1 ^-;^, h \-loV 

by Lagrange's identity 

vL{u) — uM (v) = -r-P iu,v) , 

where P is a bilinear form in u, u' , • • • li^""^^ , 'V, v' , • • • v^'^~^^ . This bilinear 
form is non-singular for every value of a; in S since in its matrix the elements 
in the secondary diagonal are alternately Z„ and — l„, while all the elements 
below this diagonal are zero.f 

If we integrate this identity from o to 6 , these being any two points in S , 
we get Green's theorem, the second member of which is therefore a non- 
singular bilinear form in the quantities 

(1) u{a), u' {a), ■■■ «["-" (a), u {h) , u' (b) , ■■■ m'"-"(6), 

(2) v{a),v'{a), • • • v^'^'^Ha) , v (b) , v' {b) , •••#"-"(&)• 

Let Ui (u) , • • • Uon ( M ) be any 2n linearly independent linear forms in 
(1). The quantities (1) can then be expressed linearly in terms of U^i , • • • Uin • 
The bilinear form in the second member of Green's theorem thus becomes a 
linear form in the U's whose coefficients, which we denote by V^n ( » ) , • • • 
Vi (v) , are linear forms in (2). Thus Green's theorem takes the form 

(3) j'[vL{u) -uM{i})]dx= Vi{u)V2n{v)+ Ui{u)V^n-i{v) 

° + ••• + f/2.(li)Fl(t)). 

* This restriction on the derivatives of the functions U is a sufficient but not a necessary 
one to secure the existence of an adjoint, that is of an expression M {v) satisfying Lagrange's 
identity. For instance, if ra = 2, it is sufficient to demand that U have a continuous deriva- 
tive Tj 1 and that l'^ — l^ also have a continuous derivative. The adjoint is then 

For still further generalization see the closing paragraph of § 3. 

t This may be seen by a reference to the explicit form for P as given, for instance, in Dar- 
Boux's Theorie des Surfaces, vol. 2, p. 100. It may also be readily inferred from Lagrange's 
identity itself if we merely admit the general form of this identity. 
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Moreover, since the bilinear form was non-singular, the V's must be linearly 
independent. 

Now consider the linear system 

(4) L{u) = r, 

(5) Ui{u) = 7i (i = 1, 2, •••n), 

where L has the same meaning as before, r is a function of x continuous in S 
(and, if S is a two dimensional continuum in the complex plane, analytic in S ), 
the 7/s are constants, and the Ui's are linear forms in the quantities (1) which 
are restricted merely by being assumed linearly independent. 

By the reduced system of (4), (5) we understand the homogeneous system 

(6) L{u) = Q, 

(7) Ui{u) = (i = 1,2, ••■n). 

Now form n further linear forms Un+i ( « ) , • • • U^n {u) oi the quantities 
(1) subject merely to the condition that Ui, • • • Uin are linearly independent; 
and, by means of them, form, as above, the linear forms Vi, ■ • ■ Vin • The 
system 

(8) M(«) = 0, 

(9) F.(t)) = (i = l,2,-..n) 

is called a system adjoint to (6), (7). It is clear from the symmetry of the 
formulae that, conversely, (6), (7) is a system adjoint to (8), (9)*. 

A homogeneous system like (6), (7) is called compatible or incompatible 
according as it has or has not a solution other than zero. It is said to have 
fc-fold compatibility if it has k and only k linearly independent solutions ; and 
zero-fold compatibility shall be understood to mean incompatibility. If 
we indicate by 2/1, • • • Vn linearly independent solutions of (6), we establish, 
by assuming the general solution of (6) in the form ci 2/1 + • • • + c„ ?/„ and 
determining the c's so that this expression satisfies (7) also. 

Lemma I.j A necessary and sufficient condition that the system (6), 



* It may be seen by very simple algebraic considerations that if we make a different choice 
of the arbitrary expressions C7„+i , • • • {/21. , we shall obtain an adjoint system essentially 
identical with the one already found, the only difference being that the conditions (9) are 
replaced by homogeneous linear combinations of themselves with non-vanishing determinant, 
and that Vn+\, • • • Vtn are changed only by having homogeneous linear combinations of 
Vi, ■ ■ ■ Vn added to them. These facts are not, however, necessary for what follows. 

t Given substantially by Mason and Biekhofp, loc. cit. 
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(7) have fc-fold compatibility is that the matrix 

/ ^1(2/1) ••• U,{yn) 

(10) '.'.'. '.'.'. '.'.'. 

\u„iyi) ■•■ U„{y„), 

be of rank n — h , where 2/1, • • • 2/™ is a fundamental system of (6). 

Similarly, if we denote by Mo a particular solution of (4), so that the general 
solution is Mo + Ci 2/1 + • • • + c„ 2/n , and if we determine these c's in such a 
way that this function satisfies (5) also, we find 

Lemma II. If the reduced system (6), (7) has fc-fold compatibility, a 
necessary and sufficient condition that the complete system (4), (5) have a 
solution is that the matrix 

C^i (2/1) ••• Ui{yn) Ui{uo)-yi 

Uniyi) • ■ • Uniyn) Un {uo) — y„ . 

be of rank n — k , where 2/1 , • • • 2/™ is a fundamental system of (6), and mq 
a particular solution of (4). 

If fc = 0, we see from Lemma I that the matrix last written is always of 
rank n . Hence 

Lemma III.* If the reduced system (6), (7) is incompatible, the com- 
plete system (4), (5) always has a solution. 

We add finally 

Lemma IV. If mi , • • • Uk are linearly independent solutions of the homo- 
geneous system (6), (7), then the k sets of constants 

Ur,+1 {Ui) , • • • U2n (Ui) {i = \ , 2 , ■ ■ ■ k) 

are linearly independent. 

For otherwise there would exist k constants, ci , • • • Cj , not all zero, such that 
all the quantities 

CiVj{ui) + • • • + CkUjiUk) (i = n + 1 , • • • 2n ) 

vanish. Consequently if we let 

M = Ci Ml + • • • + Ct Mi , 

we see, on the one hand, that u is not identically zero, and, on the other, that 

the equations 

Ui{u) = 0, ••• Vin{u) = 

* Mason, loc. cit., and, for a simpler proof, B6cher, Annals of Mathematics, 
2d ser., vol. 13 (1911), p. 74. The proof here given is simpler than either of these. 
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are satisfied. These being 2n linearly independent, homogeneous, linear 
equations in the 2n quantities (1), it follows that all the quantities (1) vanish; 
but this is impossible since then u would vanish identically. 

§ 2. Conditions for Existence of Solutions of Non-Homogeneous Systems. 

Theorem I.* If a homogeneous system (6), (7) has k-fold compatibility, 
the adjoint system (8), (9) also has k-fold compatibility. 

On account of the reciprocal relation between a system and its adjoint, it 
will clearly be sufficient if we prove that (8), (9) has at least Wold compatibility. 
For this purpose let u be any solution of the system (6), (7), and zi, • • • Zn, 
linearly independent solutions of the equation (8). From Green's theorem, 
(3), by substituting for v in succession the functons Zi , • • • z^ , we find the equa- 
tions 

U,n (U) Vi (Zi) + ■■■ + Un+l (U) F„ (Zi) = 0, 

(11) ::;:;:;: 

U^n (U) Fl (Z„) + • • • + Un+1 (U) Vn ( Z„ ) = 0. 

These equations will be satisfied, in particular, if we replace u by any of the 
k linearly independent solutions ui, • • • Uk oi the system (6), (7). Con- 
sequently, regarded as a system of linear algebraic equations for determining 
U2n, • • • Un+1, equations (11) have the k solutions 

U^niUi), •••Un+l{Ui) (i = 1,2, •••fc). 

These solutions, by Lemma IV, are linearly independent. Consequently 
(11), regarded as a system of equations in the U's, has at least k linearly in- 
dependent solutions. Hence, as we know from the theory of linear homo- 
geneous algebraic equations, the matrix 

Fi(zi) ••• F„(zi) 



Fi(z„) ••• VniZn) 

is of rank n — k a,t most. From this, by Lemma I, we infer that the system 
(8), (9) has at least Wold compatibihty, as was to be proved. 

We come now to our main result. 

Theorem IL A necessary and sufficient condition that the complete system 
(4), (5) have a solution is that every solution, v, of the homogeneous adjoint system 
(8), (9) satisfy the relation 

(12) r vrdx = yiV2niv)+ • • • + 7« T^«+i i^) ■ 

* A special case of this theorem was established by Birkhoff, loc. cit. 
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In proving this theorem we may assume that the system (8), (9) has fc-fold 
compatibility, where h y. 1 ; for if A; = , the theorem to be proved follows at 
once from Lemma III and Theorem I. 

If the system (4), (5) has a solution, and we substitute in Green's theorem, 
(3), for u this solution, and for v any solution of (8), (9), we see at once that 
the condition of Theorem II is a necessary condition. To prove it sufficient,* 
let v be any solution of the system (8), (9), and let Un be any solution of equation 
(4). From (3) we then get the equation 



/ 

^ a 



•b 

Vrdx = Ui (Uo) V2n (v) + ■■■ + UniUo) Vn+1 (v) . 



By subtracting (12) from this equation, we find 

(13) ( Ui (Uo) - 7l) V,n {V)+ ■■■ + {Un (Wo) - Jn) F„+i (v) = 0. 

Now let j/i, • • • y„ be linearly independent solutions of (6). Then from (3) 
we obtain the equations 

(14) Ui (yj) V2n (v) + ■ ■ ■ + Un (yj) V„+^ (v) = (j = l,...n). 

Equations (13) and (14) together form a system of w + 1 linear homogeneous 
algebraic equations in F2« (v) , ■ • ■ Vn+i (v) , so that if we denote by »i , 
• ■ • Vk a system of linearly independent solutions of the system (8), (9), 
these linear algebraic equations have the k solutions 

(15) ViniVi), •■■Vn+liVi) (i = l,2, ■■■k), 

which by Lemma IV are linearly independent. It follows from the theory of 
linear algebraic equations that the rank of the matrix of the system (13), (14) 
is at most n — k; and it cannot be of lower rank than this since the matrix 
(10) is of rank n—k. The matrix of the system (13), (14) being essentially 
the matrix of Lemma II, it follows that the system (4), (5) has a solution. 

The condition of Theorem II is peculiarly simple in the important special 
case in which the 7/s are all zero. If this is not so, we should be obliged to 
compute the quantities F» before applying it. This computation we will now 
carry through in the case of the equation of the second order, which, without 
loss of generality, we take in the self-adjoint form 

* This proof of sufficiency was worked out in the case n = 2 by Mr. Joseph Slbpian, a 
student in one of my courses at Harvard. 
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where K does not vanish in S .* We then have, as may be easily verified 



P{u,v) = k(^/~-uI^. 



The two boundary conditions (5) we will now write 

aiu {a) -\- a^u {h) -{- asu' {a) -\- ttiu' {h) = A, 
(17) 

hiu{a)-\-h2u{h) ^hu' {a) + b,u' (b) = B. 

Since the first members of these equations have been assumed to be linearly 
independent, not all the determinants 

dij = ai bj — Ujbi 

will be zero. We will prove the following facts : 

If in Theorem II the differential equation is (16) and the boundary conditions 
(17), the condition (12) may in general be written in any of the following forTus: 

dn f vrdx= K (a) (Ab^ - Ba2)v' (a) + K (b) {Abi- Bai) v' (b) , 

*Ja 

dii f vrdx = K{a){Abi- Bai)v(a) + K(b)(Abi- Ba3)v{b), 
d23 f vrdx = K{a){Ab2-Ba2)via)-K(b)iAb3-Ba3)v'(b), 
du f vrdx = K{a){Abi-Bai)7}'{a)-K{b){Abi-Bai)v{b), 

%j a 

du f trdx-= K (a) (Abi - Bai) V (a) + K (a) {Ab^ - Bas) v' (a) , 

dii f vrdx = K{b){Ab2-Bai)t{b)+K{b){Abi-Bai)v'{b). 

Of these forms only those will be inadmissible for which the d,j which occurs as a 
factor of the first member is zero. 

In all cases, a necessary and sufficient condition that the system (16), (17) be 
self-adjoint is 
(19) duK(a) = dnK{b). 



* In order that, when x is restricted to real values, this expression, L(u), satisfy the con- 
ditions stated in the text at the beginning of § 1, the function K must have continuous first 
and second derivatives. It will satisfy the conditions referred to in the first footnote of § 1 
if K ha a continuous first derivative. The mere continuity of K, G, and r is, however, suffi- 
cient for our purposes as will be seen by a reference to the closing lines of § 3. 
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Let us write for brevity 

u (a) = Ui, u {h) = Ui , 2i' (a) = Us, m' (b) = u^, 
V (a) = vi, 1} {h) = vi, 1}' {a) = vs, v' (b) = vt. 

The bilinear form in the second member of Green's theorem may now be 
written 

(20) K (6) {v2 Ui — U2 Vi) — K (a) (tiUs — ui vs) , 

and we have 

Ul{u) = ai Ml + a2 M2 + ^3 Ms + di Ui , 
Ui{u) = 6i Ml + 62 M2 + &3 M3 + hi Ui . 

Let us now first assume c?i2 =# 0. In this case we may let 

1/3 = Ms , Ui = Ui, 

and we readily compute the following expressions for the V's: 

Vi = j~[K (b) duv, + K (a) duv, + K (b) dun], 

«12 

F2 = y-[— K{a)duvi + K (a)d23n + K{b)dizVi], 

"12 

^3= j"[ — K (a) anVs— K (b) aiv^], 

«12 

Vi = ]^[K{a)b.2Vz + Kib)b,Vi]. 
an 

By equating the first two of these expressions to zero we get the adjoint 
boundary conditions, and we readily see that these are linear combinations 
of the original conditions (17) when and only when (19) is fulfilled. Thus we 
have established in this case that (19) is a necessary and sufficient condition 
that the system be self-adjoint. 

On the other hand, by substituting in the condition of Theorem II the values 
just obtained for V3, Vi and making the necessary changes in notation, we 
find that this condition reduces to the first of conditions (18). 

Assume next that dn ^ . Letting 

Us = ih , Ui= Ui, 
we find 

Vi = ^[K (a) dun+ K (b) dnV2+ K (a) dsiVs], 

«13 
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V2 = y- [K (a) di2Vi — K (a) dizVs — K (b) disVi], 
F3 = -,~ [ — K (a) aivi — K (a) as V3] , 

"13 

Here again the first two expressions equated to zero give us the adjoint 
boundary conditions, from which it is readily inferred that (19) is a necessary 
and sufficient condition that the given system be self-adjoint. The expressions 
for Vi, Vi, on the other hand, show us that the condition of Theorem II 
reduces to the fifth of the relations (18). 

We might proceed in a precisely similar way in the four other cases. This, 
however, is not necessary, for we may get the desired results by a mere inter- 
change of letters and subscripts in those already obtained. Thus, to de- 
duce the result in the case da =f= from that last obtained when we assumed 
(Zi3 =f= , we notice that the bilinear form (20) remains unchanged if we inter- 
change the subscripts 1 with 2, and 3 with 4, and at the same time interchange 
K (a) and — K (b) . Since these interchanges leave equation (19) unchanged, 
and carry over the fifth equation (18) into the sixth, our statement for the 
case doi 4= is established.* 

Similarly, from what we have proved in the case di2 4= 0, we can get the 
facts just stated for the case ^23 4= by interchanging the subscripts 1 and 3 
(leaving 2 and 4 unchanged) and changing K (a) into — K (a) , these 
changes leaving the form (20) and the equation (19) unchanged, and carrying 
over the first equation (18) into the third. In a similar way we interchange 
the subscripts 2 and 4 and change the sign oi K (b) in order to get the results 
for the case du 4= from those for (^12 4= 0; and also to get the results when 
du 4= from those when (^23 4= . 

The case treated by Mason is the self-adjoint case, in which (19) is satisfied.f 
Here, on account of the relation 

£^12 ^34 + £^13 di2 + du diZ = , 

we see that, if the di/s in the first four relations (18) are all zero, the product 
dizdii is also zero, and hence, by (19), all the d.y's are zero, contrary to 
hypothesis. Consequently in the self-adjoint case the condition of Theorem II 
may always be written in the form of at least one of the first four equations (18). 

* These substitutions also carry over the expressions found above for Vi, V2, V3, Vt into 
new forms which may be used if ^42 + 0. In doing this, the subscripts of the Vs should be 
left unchanged. A similar remark applies to the next paragraph. 

t Mason himself used the term self-adjoint here, guided by a somewhat vague sense of 
analogy, but without having in mind the conception of an adjoint system in other cases. 
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Without at first restricting ourselves to the self-adjoint case, let us suppose 
the reduced system has two-fold compatibility. Then every solution of the 
homogeneous equation L (u) = satisfies the conditions : 

aiu {a) -{- OiU {h) -\- a^ii' {a) -\- aiu' {h) = 0, 
biu(a) + bill (b) + biu' (a) + b^u' (b) = 0. 

From this we can easily infer that £^13 and ^42 cannot both be zero; for if they 
were, eliminating first u' (b) and then u (b) between the last written 
equations would give 

duu (a) -{- dsiu' (a) = , 
dnu {a) -{- dz2u' {a) — , 

and since these equations are to hold for all solutions u of the differential equa- 
tion, for instance when u {a) = 1, u' (a) = 0, and also when u (a) = 0, 
m' ( a ) = 1 , we should have 

«12 = «43 = ^23 = dii = . 

But this would make all the dt/s zero. Hence if the reduced system is doubly 
compatible, the condition of Theorem II may always be written in the form of 
at least one of the last two equations (18). 

In the self-adjoint case, neither of the quantities du , dii can be zero if the 
reduced system has two-fold compatibility, since by (19) they would both be 
zero, and this we have just seen is impossible. If the reduced system is self- 
adjoint and doubly compatible, the condition of Theorem II can always be written 
in both of the last two forms given in (18). 

The results here stated, so far as they refer to the self-adjoint case, are 
essentially Mason's, though the statement here given is a trifle more com- 
plete than his. 

§ 3. Systems of Differential Equations. 

The extension to systems of linear differential equations is simple and fairly 
obvious, and will be here only briefly indicated. 
Consider the differential expressions 

^'' ^^' - '-'' dx" ^ '' dx"-'^ ^ -r iv u \j = 1,2, ■•■m) 

and their adjoints Mij (v) . We assume that the coefficients of iy are not 
merely continuous throughout S , but are such that these adjoints exist and 
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have continuous coefficients.* We have then Lagrange's identity 
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(21) 



vLij (u) — uMij {v) = "jT-Py («) ^) • 



Now consider the m homogeneous hnear differential expressions of the 
mth order with the m dependent variables Ui, • • • Um'. 

m 

(22) £i (Ml, •••«;«) =Eiii(%) (i = l,2, •••m). 

j-=i 

By the adjoint of this system of expressions we understand the system 

m 

(23) Mi{vu---v„.)^llMji{vj) (i = l,2, ••■m). 

By replacing u by Uj and v by Vi in (21) and summing with regard to i and j , 
we find 

lit J VI m 

(24) X)[«»-i< (Mi, ■•• 2lm) — UiMi(Vi, ••• fm)] = T-S S -Pji ( ^i , ^j) ■ 

This we call Lagrange's identity for the system (22). The second member 
is the derivative of a bilinear form in Ui, u'i, ••• u["~^^ , Vi, v'l, ••• v[''~^^ 
(i = 1 , 2 , • • • m) , whose determinant (cf. the second footnote to § 1) is, 
except perhaps for sign, the nth power of the determinantf 

/["I . . . /f"] 

/W . . . 7!m] 

We shall assume that A does not vanish at any point of S . Then integrating 
(24) from a to 6, we get Green's theorem, in which the second member is a 
non-singular bilinear form in 



(25) 
(26) 



Uiia), ■■■uY-'Ha), Uiib), ■ ■ ■ u^r'Hb) 



Let us now denote by U^i ( mi , • • • m^ ) , • • • Uinm ( Mi , • ■ • Um) linearly 
independent linear forms in (25). We can then write Green's theorem in 

* Cf. the first footnote to § 1. See also the closing lines of the present section, 
t The proof of this statement requires a little manipulation of determinants, which, how- 
ever, presents no difficulty. 
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the form 

Xb m 
'^[Vi Li (Ui, ••■ U^) — Ui Mi (Vi, ■■■ Vm)]dx= Ui Vinm + • • • 

+ U2nm V\ , 

where the F/s are linearly independent linear forms in (26). 
Now consider the complete system 



(28) 


Li (mi, • 
Ui (ui, ■ 


■■ Um) = Ti 
■ • • Mm) = 7/ 


(i = l, • 


••• m), 
• • nm ) , 


the reduced system 










(29) 


Li (mi, • 
Ui{u, ■ 


• • Mm ) = 
••Mm) = 


(i = l, 

(i = l, • 


•■•to) , 
■■ nm), 


and the adjoint system 










(30) 


Miivu ■ 
Viivi, ■ 


■■■V,n) = 

••t'm) = 


(i = l, • 


••■to), 
• • nm ) . 



The condition we have imposed, that A does not vanish in S , means pre- 
cisely that the systems of differential equations in (28), (29), and (30) have no 
singular points in 8 . Consequently there exists one and only one system of 
functions which satisfy the differential equations of any one of these systems 
and at a point of S take on, along with their first re — 1 derivatives, arbitrarily 
given values. 

By the order of compatibility of the system (29) we understand the number 
of linearly independent systems of functions Mi , • • ■ Um which satisfy it. 
When we say that the system (29) is incompatible, or has zero-fold compati- 
bility, we mean that the only systems of functions satisfying (29) are those 
which are all identically zero. 

With these preliminaries, the extension of the methods and results of §§1, 2 
to the case we are now considering presents no difficulty. We content our- 
selves, therefore, with merely stating the main results, which correspond to 
Theorems I and II. 

Theorem III. If the homogeneous system (29) has h-fold compatibility, 
the adjoint system (30) also has k-fold compatibility. 

Theorem IV. A necessary and sufficient condition that the complete system 
(28) have a solution is that every solution {vi, ■ • • Vm) of the homogeneous adjoint 
system (30) satisfy the relation 

J I [Viri -|- • • • -|- Vr„rm\dx = 7lF2„m (fl, ■■•Vm)+ ■■■ + Tnm^nm+l (»1, • • • fm ) • 
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The case n = 1 , in which the differential equations of the system are of the 
first order, is pecuHarly important since, as is well known, all other cases may, 
if we wish, be reduced to this. We may here solve the equations for the de- 
rivatives, as we may always solve for the derivatives of highest order, and 
thus write 

du ' 

(31) ^^,. (i = l, •••«), 

Mi (Vi, ••■ Vm) = — j^+ aii(x)vi+ ■ •• +amiix)vm 



and Green's Theorem becomes 

I H[ViLi(ui, ■■■ lu) — UiM;(vi, •■■ nm)]dx= — uiia)vi(a) 



(32) 



— • • • — Urn (a) v,n ia)+ ui (b) vi (b) + ■ • • + u^ (b) v^ (b) . 
Consequently if 

UiiUi, •• ■ Um) ^ auUiia) + • • • + OHmUmia) + fiilUlib) + • • • + ^imUm(b) 

(i = l, ••• 2m), 
where the determinant D formed from the as and j3's is not zero, we shall have 

Vtm+i-i {Vi, ■•■ Vm) =j^[— AiiViia) — ■ ■■ — Aim '^m {a) 

4-Bat'i(6)+ •■■ + BimVr^{b)], 

where Aij and Bij are the cofactors of a,y and ^a in the determinant B . 

We now see that this case w = 1 is peculiarly simple in the following respect* : 
In the case of a system of equations of the first order written in the form (31) the 
adjoint conditions Vi = depend merely, and in a simple and explicit rational 
manner, on the original conditions Ui= , whereas in general, even in the case 
of a single differential equation of order higher than the first, they depend also on 
the coefficients of the differential equations. 

Another peculiarity worthy of remark in the case n= \, when the form 
(31) is used, is that no demand on the coefficients of the differential equations 
need be made beyond their mere continuity in S , since the derivatives of these 
coefficients nowhere occur in our work, so that even the existence of their 
derivatives need not be demanded. 



* This simple case has been considered by Botjnitzkt in Liouville's Journal, 
6th series, vol. 5 (1909), p. 65, who, however, does not obtain the special case m = 1 of 
Theorems III and IV, being concerned with a quite different class of applications of adjoint 

systems. 
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By the aid of this last remark it is easy to see how all demands concerning 
the existence or continuity of derivatives of the coefficients of the differential 
equations may be avoided even when the order of these equations is greater 
than one : we have merely to replace these equations by systems of equations 
of the first order in the form (31) and apply Theorem IV to these systems. 
A little consideration, however, will show how we can accomplish the same ob- 
ject without reduction to a system of equations of the first order and can 
even generalize a step farther. For the sake of simplicity, I will explain this 
for the typical case of a single equation of the third order. 

Let 

(33) 



+ ^^i[«'i(«°^)+^^"] 



+ ^i^("o") + 9". 



where the a's, b's, I's, and q are functions of x continuous throughout S. 
If these functions had continuous derivatives of certain orders, this would 
reduce at once to the form of expression considered in § 1. This will, in 
particular, always be the case if we are dealing with analytic functions. We 
wish, however, now to consider the case in which the a's, b's, I's, and q are con- 
tinuous functions of the real variable x concerning which we make no assumption 
whatever as to the existence of derivatives. The expression L (u) then in- 
cludes the expressions of § 1 as very special cases. 
The theory of the equation* 

(34) L{u) = r, 

where r is also continuous in S, and where we assume that none of the functions 
do, o-i, 0.2 , ag vanishes in S , may be readily obtained by letting 

yi = aou, yi = hi u + ai t//, t/3 = 62 u + a^ y-i . 

These functions, yi, y^, Vz, are then seen to satisfy a system of linear dif- 
ferential equations of the first order with no singular point in S , and we thus 

* It should be noticed that this is not a differential equation in the ordinary sense since it 
is not a relation between u , u', u", u'". Indeed a solution of this equation will not in general 
possess even a first derivative. We shall, however, use the term linear differential equation 
in an extended sense to cover such equations as this. Their theory might readily be de- 
veloped on an independent basis (instead of by the reduction to a system of the first order as 
indicated in the text), the method of successive approximations, for instance, being available 
to establish the existence theorem. The only mention of such equations which I have seen 
is the very special one by Weyl referred to at the close of this paper. 
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infer that the equation (34) has one and only one solution u for which 



(35) 



"' ^^«»^)' ^["^^("o^^ + ^i^] 



take on arbitrarily given values at an arbitrarily given point of S . Moreover 
the general solution of (34) is readily seen to be obtained by adding to any 
particular solution the general solution of the reduced equation 

(36) L{u) = 0. 

Finally, the solutions of this homogeneous equation are seen to form a 
ternary family, so that we may speak of any three linearly independent so- 
lutions as forming a fundamental system. In short, all the essential facts 
concerning linear differential equations apply without change to this case, 
with the exception of the change just noted in the existence theorem. 

By the expression M{v) adjoint to L{u) we shall understand 



(37) 



^^^'') = -«<'^{«^i^[«^^(«'')-^^0 + ^^^} 



+ ^'Txl^'i^"''^ - ^'']- ^'Tx^"''^ + 'i'- 



Between these adjoint expressions there is a Lagrange identity of pre- 
cisely the form given in §1, where, however, P(u, v) now stands for a 
non-singular bilinear form not in u, u' , u" , v, v' , v" , but in the three 
quantities (35), as the first set of variables, and the three quantities 

(38) V, ^^(asv), i[^^-i(^^^)-h^] 

as the second set. If we take for the f/'s linearly independent linear forms 
in the six values that (35) take on at a and b respectively, the F's, when we 
write Green's theorem in the form (3), will be linearly independent linear 
forms in the six values which the quantities (38) take on at the points a and b. 
With this understanding all the work in § 1 is applicable if L and M have the 
more general definitions (33) and (37), and Theorems I and II hold without 
further change for this more general case.* In particular, L may have the 
* We might consider the even more general form of equation 

+ ^2-1- ai-j- (aoM — ro) + biM — ri +?i-T- (aoM — ro) + 9M = r. 
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form of § 1 where no restriction as to the diflerentiabihty of the coefficients 
is imposed. It should be noticed, however, that in this case M will no longer 
have the form of § 1, but another special case of the general form of this 
section. 

The case in which L has the form (16), K being merely assumed continuous, 
is a very special case of what we have just been discussing. The fact that the 
existence of the derivative of K need not here be demanded has been men- 
tioned by Weyl.* 

§ 4. An Exteiision of the Conception of Adjoint System. 

Let us now consider the system 

(4') L{u) = r 

(5') Ui{u) = y{ (i = 1,2, ■■■m), 

where, instead of n boundary conditions, we have m . We shall assume these 
boundary conditions to be linearly independent, so that m < 2n. The 
expression L (u) may be taken either in the restricted sense of § 1 or in the 
broader sense explained at the end of § 3. By the side of this complete 
system, we have the reduced system 

(6') Z(m) = 

(7') Uiiu) = (i = l,2, ■■■m). 

We now form 2n— m further linear forms Um+i (u), • • • U2n (u) so that 
the functions Ui, • • • C/2« are linearly independent. From these, as in § 1, 
we form the expressions Vi, ■ • ■ Vin , which will also be linearly independent, 
such that Green's theorem may be written in the form (3). Then the system 

(8') lf(^) = 

(9') Vi{v) = Q (i = l,2, ••• 2ra-m) 

we call the system adjoint to (6'), (7')- 

This can readily be reduced to a system of linear differential equations of the first order, 
and we thus see that, apart from a certain obvious change in the existence theorem, the theory 
of this equation does not differ substantially from that of the ordinary non-homogeneous 
equation so far as the more fundamental theorems go. Nevertheless, since this equation 
cannot be written L{u) = f(x), where L is homogeneous, the reasoning used to establish Theo- 
rem II is no longer applicable, and it is readily seen that this theorem must be replaced by a more 
complex one similar to (and of course a special case of) Theorem IV. The formula involved 
contains the integral of a sum of products, not that of a single product. 

*Mathematische Annalen, vol. 68 (1910), p. 221. 
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If the three systems of § 1 are replaced by these three, Lemmas I, II, IV 
of that section hold with only the obvious modification that the matrices in 
Lemmas I and II now have m rows instead of n , while in Lemma IV the sub- 
scripts of the U's must begin with m -\- 1 . The proofs remain essentially 
unchanged. 

Lemma III must be replaced by the following: 

Lemma III'. When m ^n, the complete system (4'), (5') always has a 
solution if the reduced system has (n — m)-fold compatibility. 

The proof is substantially that of Lemma III. 

A modification is also necessary in the statement of Theorem I. 

Theorem I'. If a homogeneous system which involves m linearly independent 
boundary conditions, and where the differential equation is of order n , has Jc-fold 
compatibility, then k -{- m — n ^ , and this number is precisely the order of 
compatibility of the adjoint system (8'), (9')- 

The proof follows closely that given above for Theorem I. We show 
first that, if k is the order of compatibility of (8'), (9'); k^ Jc-{- m — n. 
Consequently, since (6'), (7') is the adjoint of (8'), (9'), we must also have 
A;> K -\- {2n — m) — n; that is k^ k -{- m — n. From a comparison of 
these two inequalities our theorem follows. 

Theorem IF. A necessary and sufficient condition that the complete system 
(4'), (5') have a solution is that every solution, v, of the homogeneous adjoint 
system (8'), (9') satisfy the relation 



£ 



Vrdx = 7l F2„ (»)+ • • • + Jm Vin-m+l (v) . 



Here again the proof is substantially that of Theorem II, the case ny-m, 
k = n — m being first disposed of by means of Lemma III'. 

This theorem of course contains Theorem II, and hence Mason's results, 
as a special case. The only other special case I have found in the literature is 
that in which m = n -\- I {n arbitrary), Ui (u) = u (a) , U2 (u) = u' (a) , 
•••f7„(M) = Mt"-"(a), f7„+i(2t) = /3M(6) + /3'M'(6)+---+/3f"-%f"-"(6); 
while 7i = • • • = 7n = . In this case, k = , k = 1 . There is therefore 
essentially only one solution, v , of the adjoint system, and the condition that 
the complete system have a solution is 



r 



vrdx = 0. 
A condition of exactly this form is obtained by DiNi* by quite another 



*Annali di Matematica, vol. 12 (1906), p. 226. 

Trans. Am. Math. Soc. 28 
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method, and it is not obvious at first sight that his function v (called in his 
notation Din/ao D ) is the same as the one our method gives. This is, how- 
ever, actually the case, as may be easily proved, and consequently this result 
of Dini may be regarded as a very special case, stated in a somewhat different 
form, of Theorem II'. 

The possibility of extending the results of this section to systems of differ- 
ential equations is obvious. 

Harvard University, 
Cambridge, Mass. 



